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Definition

Fractional Differential Equations

M ü + C Dα u + K u = 0, M , C, K ∈ Rn×n. (1)

Riemann-Liouville definition

Dαu(t) =
1

Γ(1− α)

d
dt

t∫
0

u(t − τ)

τα
dτ, 0 < α < 1 (2)

α =
p
q

, p, q ∈ N+
0 (3)
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Augmented State-Space Representation
Composition Rule [7]

A z = B Dα z , A , B ∈ R2 q n×2 q n, α =
1
2

(4)

Suarez and Shokooh et al. [9, 8, 1, 5]
O O In O
O In O O
In O O O
O O O −K̃




z1
z2
z3
z4

 =


O O O In
O O In O
O In O O
In O O C̃

 Dα


z1
z2
z3
z4

 (5)


O O M O
O M O O
M O O O
O O O −K




z1
z2
z3
z4

 =


O O O M
O O M O
O M O O
M O O C

 Dα


z1
z2
z3
z4

 (6)

z4 = u, Dαz1 = ü
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Augmented State-Space Representation

A z = B Dα z , A, B ∈ R2 q n×2 q n, α =
2
3

(7)

B =



O O O O O M
O O O O M O
O O O M O O
O O M O O O
O M O O O C
M O O O C O

 , (8)

A =



O O O O M O
O O O M O O
O O M O O O
O M O O O O
M O O O C O
O O O O O −K

 (9)
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Bottleneck and a Loophole

• The system of equations tends to become very large
when the denominator q of the order α = p

q of the
derivative is very large.

• Applying the Fourier transform to the system of equations
(1), one obtains

[
M (i ω)2 + C (i ω)α + K

]
x = 0. (10)

• It is convenient to denote the eigenvalues by λi = (i ωi)
1
q

[
M λ2 q + C λp + K

]
x = 0. (11)



Fractional Differential Equations Polynomial Eigenvalue Problems Examples Conclusions and Outlook References

Bottleneck and a Loophole

• The system of equations tends to become very large when
the denominator q of the order α = p

q of the derivative is
very large.

• Applying the Fourier transform to the system of equations
(1), one obtains

[
M (i ω)2 + C (i ω)α + K

]
x = 0. (10)

• It is convenient to denote the eigenvalues by λi = (i ωi)
1
q

[
M λ2 q + C λp + K

]
x = 0. (11)



Fractional Differential Equations Polynomial Eigenvalue Problems Examples Conclusions and Outlook References

Bottleneck and a Loophole

• The system of equations tends to become very large when
the denominator q of the order α = p

q of the derivative is
very large.

• Applying the Fourier transform to the system of equations
(1), one obtains

[
M (i ω)2 + C (i ω)α + K

]
x = 0. (10)

• It is convenient to denote the eigenvalues by λi = (i ωi)
1
q

[
M λ2 q + C λp + K

]
x = 0. (11)



Fractional Differential Equations Polynomial Eigenvalue Problems Examples Conclusions and Outlook References

Extension
Fenander (1996) [3]

l M D2+α u + M ü + C Dα u + K u = f + l Dα f . (12)

Rational eigenvalue problem Voss (2006) [6](
Mλ2 q +

C λp + K
1 + l λp

)
x = 0. (13)

Polynomial eigenvalue problem(
l Mλ2 q+p + λ2 q M + λp C + K

)
x = 0. (14)
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Chu’s Homotopy

Polynomial eigenvalue problem

P(λ) x = 0 (15)

P(λ) = Ak λk + Ak−1 λk−1 + · · ·+ A1 λ + A0 (16)

Nonlinear system h(x , λ, t) = 0 Chu (1988) [2]

h(x , λ, t) =

[
R(λ, t , D) x
1
2(xH x − 1)

]
(17)

R(λ, t , D, c) = (1− t) Q(λ) + t P(λ),

Q(λ) = c In λk − D, (18)
D = diag(di), c ∈ C, di ∈ C.
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Chu’s Homotopy continued

[
R(λ, t , D, c) Rλ(λ, t , c) x

xH 0

] [
ẋ
λ̇

]
=

[
(Q(λ)− P(λ)) x

0

]
(19)

k n initial conditions z =

[
x i
λij

]
with

x i(t = 0) = ei , (20)
λi(t = 0) = λij i = 1, . . . , n, j = 1, . . . , k . (21)

The initial eigenvalues λij for t = 0 follow from

det Q(λ) =
n∏

i=1

(
c − λk di

)
= 0. (22)
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Chu’s Homotopy continued

[
R(λ, t , D, c) Rλ(λ, t , c) x

xH 0

] [
∆x
∆λ

]
= −

[
R(λ, t , D, c) x

1
2

(
xH x − 1

) ]
.(23)

Pλ = k λk−1Ak + (k − 1) λk−2 Ak−1 + · · ·+ 2 λ A2 + A1,

Qλ = c k λk−1 In, (24)
Rλ(λ, t , c) = (1− t) Qλ(λ) + t Pλ(λ).

• The coefficient matrix in Eq. (19,23) is of order n + 1.
• The parameters c, D in Eq. (18) are random numbers.
• The homotopy curves correspond only to different initial

values of the same ODE.
• Hence, all curves can be followed simultaneously.
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Example I

Agrawal (2002) [1]

m ü + c D0.5 u + k u = 0 (25)

A X = B X Λ, X T B X = I4, Λ = diag(λi), (26)

A =


0 0 1 0
0 1 0 0
1 0 0 0
0 0 0 −k/m

 , B =


0 0 0 1
0 0 1 0
0 1 0 0
1 0 0 c/m

 (27)

u(t) =
1√
π t

4∑
j=1

eT
4 x j cj +

4∑
j=1

λj eT
4 x j gj(t) cj , (28)

u̇(t) =
1√
π t

4∑
j=1

eT
2 x j cj +

4∑
j=1

λj eT
2 x j gj(t) cj . (29)
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Example I continued

Since u(t) and u̇(t) remain bounded as t → 0, we have
constraints for cj . Finally we obtain a closed form solution for
the position and velocity in terms of eigenvalues and
eigenvectors [9].

u(t) =
4∑

j=1

λj(eT
4 x j)

2 (u̇0 + λ2
j u0) gj(t), (30)

u̇(t) =
4∑

j=1

λ3
j (e

T
4 x j)

2 (u̇0 + λ2
j u0) gj(t). (31)

gj(t) = exp (λ2
j t)

(
1 + erf(λj

√
t)

)
(32)


#
# Om P. Agrawal
# Stochastic analysis of a 1-D system with fractional damping of order 1/2
# Journal of Vibration and Acoustics
# Vol. 124 (2002) p. 454-460
# 
#
from scipy import *
from pylab import plot, xlabel, ylabel, figure, show, savefig
set_printoptions(precision=4,suppress=1)

def g(i,w,t):
    return exp(w[i]**2*t)*(1.+special.erf(w[i]*sqrt(t)))

def h(i,w,t):
    return 1./sqrt(pi*t)+w[i]*g(i,w,t)

def f_m(t):
    """ mass normalized excitation """
    return 0.0*sin(t)/m

def func(tau,i,w,t):
    return f_m(tau)*g(i,w,t-tau)   

m = 1.0 # mass
k = 4.0 # stiffness
c = 2.0 # damping

# Initial conditions
#
x0   = 0.0 # displacement
x0_p = 1.0 # velocity

A = array((
[0.,0.,1.,0.],
[0.,1.,0.,0.],
[1.,0.,0.,0.],
[0.,0.,0.,-k/m]))

B = array((
[0.,0.,0.,1.],
[0.,0.,1.,0.],
[0.,1.,0.,0.],
[1.,0.,0.,c/m]))

w,vr = linalg.eig(A,B)

for i in arange(0,len(w)):
    b_i = dot(vr[:,i],dot(B,vr[:,i]))
    vr[:,i] = vr[:,i]/sqrt(b_i)        # orthonormalize eigenvectors wrt B

T = linspace(0,5,1001)

datax=[]
dataxp=[]

for t in T:

    x = 0.0
    xp= 0.0

    for i in arange(0,len(w)):

#      duhamel,abserr = integrate.quadrature(func,0.,t,args=(i,w,t))
#      duhamel,abserr = integrate.quad(func,0.,t,args=(i,w,t),limit=100)
#
#      Free vibration (eqns 25,26)
#
       x = x + w[i]*vr[-1,i]**2*(x0_p+w[i]**2*x0)*g(i,w,t) 

       xp= xp+ pow(w[i],3)*vr[-1,i]**2*(x0_p+w[i]**2*x0)*g(i,w,t) 

    datax.append(x.real)
    dataxp.append(xp.real)

figure(1)
plot(T,datax,lw=2)
xlabel(r'Time $t$ [s]')
ylabel(r'Response $x(t)$ [m]')
savefig('x.png')
figure(2)
plot(T,dataxp,lw=2)
xlabel(r'Time $t$ [s]')
ylabel(r'Response $\dot{x}(t)$ [m/s]')
savefig('xp.png')
show()


Nils Wagner
Free response of a fractionally damped SDOF system
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Example I continued

Figure: Free response of a fractionally damped oscillator,
u0 = 0, u̇0 = 1.0 m/s



Fractional Differential Equations Polynomial Eigenvalue Problems Examples Conclusions and Outlook References

Example II

Fenander (1996) [3]

M =

[
m1 0
0 m2

]
, C =

[
c1 + c2 −c2
−c2 c2 + c3

]
,

K =

[
k1 + k2 −k2
−k2 k2 + k3

]
.

m1 = 1kg, m2 = 2kg, , k1 = k3 = 1N/m, k2 = 1.5N/m,

c1 = c2 = c3 = 0.4Ns2/3/m,

• α = 2
3 , l = 0 Eq. (11)

• α = 1
2 , l = 0.1s1/2 Eq. (14).
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Numerical Results

Figure: Homotopy curves for α = 2
3 , l = 0


Nils Wagner
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Conclusions and Outlook
• A direct approach based on a homotopy as suggested by

Chu is applied to solve the polynomial eigenvalue problem.
• A predictor corrector method is used to solve the nonlinear

problem (17).
• ZVODE1 might be another option to solve the complex

initial value problem (19).
• Direct time-domain solutions are very time-consuming due

to the non-local character of fractional damping [10].
• All computation were carried out by SciPy [4].

1http://www.llnl.gov/CASC/software.html (see VODE)


from scipy import *
from pylab import plot,show, figure, xlabel, ylabel, legend, scatter, xlim, savefig, text, annotate

set_printoptions(precision=5)

def P(l):
    return l**6*A_6+l**2*A_2+A_0

def Q(l):
    return c*pow(l,k)*I_n-D

def R(l,t):
    return (1.-t)*Q(l)+t*P(l)

def Q_l(l):
    return c*k*pow(l,k-1)*I_n

def P_l(l):
    return 6*l**5*A_6+2*l*A_2

def R_l(l,t):
    return (1.-t)*Q_l(l)+t*P_l(l)

def J(t,z):
    tmp = zeros((n+1,n+1),complex)
    l = z[-1]
    tmp[:n,:n] = R(l,t)
    tmp[:n,n] = dot(R_l(l,t),z[:n])
    tmp[n,:n] = conjugate(z[:n].T)

    return tmp

#
# Example 3
#
m_1 = 1.0
m_2 = 2.0
k_1 = 1.0
k_2 = 1.5
k_3 = 1.0
c_1 = 0.4
c_2 = 0.4
c_3 = 0.4

flag = 3

if flag == 3:
   A_6 = array(([m_1,0],[0,m_2]))
   A_0 = array(([k_1+k_2,-k_2],[-k_2,k_2+k_3]))
   A_2 = array(([c_1+c_2,-c_2],[-c_2,c_2+c_3]))

#random.seed(3) # Example 1
random.seed(9)  # Example 2
random.seed(17)
k=6  # degree of the polynomial eigenvalue problem
n = shape(A_2)[0]
c = -1.0+1.3j
d = 2*(random.rand(n)-1)+2.0*(random.rand(n)-1)*1j
D = diag(d)
I_n = identity(n)

T = linspace(0,1,200,endpoint=False)
h = T[1]-T[0]
ip = 0
max_iter = 20

for i in arange(0,n):
    for j in arange(0,k):
        ip = ip + 1
        z0 = zeros(n+1,complex)
        z0[i] = 1.0
        p = zeros(k+1,complex)
        p[0] = -d[i]
        p[-1] = c
        wurzel = roots(p)
        z0[-1] = wurzel[j]
#
#       Predictor
# 
        z = z0
        data=[]
        problem = 0
        for t in T:
          l = z[-1]
          J1 = J(t,z) 
          rhs = r_[dot(Q(l)-P(l),z[:n]),0.0]
          zp = linalg.solve(J1,rhs)
          z = z + 1.0*h*zp
#         z[:n]=z[:n]/sqrt(vdot(z[:n],z[:n]))
          eps = 1.
          iter = 0
#
#         Corrector
#
          while eps > 1.e-5:
                l = z[-1]
                J1 = J(t+h,z)
                rhs = r_[dot(R(l,t+h),z[:n]),0.5*(vdot(z[:n],z[:n])-1)]
                dz = linalg.solve(J1,rhs)
                eps = linalg.norm(dz)
                iter = iter + 1
                if iter > max_iter:
                   problem = 1
                   raw_input()
                   break
                print iter, eps
                z = z - dz
          data.append(z[-1])
          figure(2)
          if t == 0.0:
           scatter(array(data).real,array(data).imag,s=4)                    
        figure(2)
        plot([data[-1].real],[data[-1].imag],'k+')
        annotate(str(data[-1]),xy=(data[-1].real,data[-1].imag),xycoords='data')
        print 'Eigenwert',ip,data[-1]
        figure(0)
        plot(h+T,array(data).real)
        figure(1)
        plot(h+T,array(data).imag)
        figure(2)
        plot(array(data).real,array(data).imag)                    

figure(2)
xlabel(r'\Re \lambda')
ylabel(r'\Im \lambda')
savefig('asa.png')
show()
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from scipy import *
from pylab import plot, show, xlabel, ylabel, legend, figure, savefig, title
#
# Pade-11 for
# Fractional differential equation
# M u_tt + C D^alpha u + D u_t + K u = f(t) r, u(0) = u_0, v(0) = v_0
#
# 0 < alpha < 1
#
# Nils Wagner
# nwagner@iam.uni-stuttgart.de
# 
# References
# PAMM Proc. Appl. Math. Mech. Vol. 2 p. 82-83 (2003)
# 
#
def f(t):
    return 1.0*sin(t)

def history(N):
    global datau
    tmp = zeros(n,float)
    for i in arange(0,N):
       tmp = tmp + (datau[i+1]-datau[i])*(pow(N+1-i,2.-alpha)-2*pow(N-i,2.-alpha)+pow(N-1-i,2.-alpha))
    return tmp

alpha = 0.5 # fractional derivative  
#
# System matrices
#
n = 2
M = identity(2) # Mass matrix
K = array(([110.,-10.],[-10.,110.])) # stiffness matrix
C = array(([6.9570108524,-0.63245553202],[-0.63245553202,6.9570108524])) # fractional damping matrix
D = zeros((n,n),float) # viscous damping matrix

M = identity(2) # Mass matrix
K = diag(array(([4,4])))
C = diag(array(([2,2])))
n = M.shape[0]                        

# Initial conditions
u0 = zeros(n,float)  # Displacements
v0 = zeros(n,float)  # Velocities
u0[1] = 0.1
v0[0] = 1.0

r = zeros(n,float)   # Excitation
r[0] = 0.
r[1] = 0.


datau = []
datau.append(u0)
data1= []
data2= []
data3= []
data4= []
data1.append(u0[0])
data2.append(u0[1])
data3.append(v0[0])
data4.append(v0[1])

h = 0.005 # Time step size

w = pow(h,1-alpha)/(special.gamma(1.-alpha)*(1.-alpha)*(2.-alpha)) # Weighting factor

A = 2*M/h+0.5*h*K+w*C+D
B = 2*M/h-0.5*h*K+w*C+D

(LorU, lower) = linalg.cho_factor(A) # assuming that A is spd

t = 0.0
for N in arange(0,1000):

      b = dot(B,u0)-w*dot(C,history(N)+(2-alpha)*datau[0]*(pow(N+1,1-alpha)-pow(N,1-alpha)))+2*dot(M,v0)+0.5*h*r*(f(t)+f(t+h)) # RHS

      u1 = linalg.cho_solve((LorU, lower),b) # 
      v1 = 2*(u1-u0)/h-v0                    #

      datau.append(u1)

      u0 = u1
      v0 = v1

      t = t + h

      data1.append(u0[0])
      data2.append(u0[1])
      data3.append(v0[0])
      data4.append(v0[1])

figure(1)
#plot(h*arange(0,len(data1)),data1)
plot(h*arange(0,len(data2)),data2)
legend((r'$u_1(t)$',r'$u_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Displacements $u_i(t)$')
savefig('displacement.png')
figure(2)
#plot(h*arange(0,len(data3)),data3)
plot(h*arange(0,len(data4)),data4)
legend((r'$v_1(t)$',r'$v_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Velocities $v_i(t)$')
savefig('velocity.png')
show()
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from scipy import *
from pylab import plot,show, figure, xlabel, ylabel, legend, scatter, xlim, savefig, text, annotate

set_printoptions(precision=5)

def P(l):
    return l**6*A_6+l**2*A_2+A_0

def Q(l):
    return c*pow(l,k)*I_n-D

def R(l,t):
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    tmp[:n,:n] = R(l,t)
    tmp[:n,n] = dot(R_l(l,t),z[:n])
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    return tmp

#
# Example 3
#
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c_1 = 0.4
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   A_0 = array(([k_1+k_2,-k_2],[-k_2,k_2+k_3]))
   A_2 = array(([c_1+c_2,-c_2],[-c_2,c_2+c_3]))

#random.seed(3) # Example 1
random.seed(9)  # Example 2
random.seed(17)
k=6  # degree of the polynomial eigenvalue problem
n = shape(A_2)[0]
c = -1.0+1.3j
d = 2*(random.rand(n)-1)+2.0*(random.rand(n)-1)*1j
D = diag(d)
I_n = identity(n)

T = linspace(0,1,200,endpoint=False)
h = T[1]-T[0]
ip = 0
max_iter = 20

for i in arange(0,n):
    for j in arange(0,k):
        ip = ip + 1
        z0 = zeros(n+1,complex)
        z0[i] = 1.0
        p = zeros(k+1,complex)
        p[0] = -d[i]
        p[-1] = c
        wurzel = roots(p)
        z0[-1] = wurzel[j]
#
#       Predictor
# 
        z = z0
        data=[]
        problem = 0
        for t in T:
          l = z[-1]
          J1 = J(t,z) 
          rhs = r_[dot(Q(l)-P(l),z[:n]),0.0]
          zp = linalg.solve(J1,rhs)
          z = z + 1.0*h*zp
#         z[:n]=z[:n]/sqrt(vdot(z[:n],z[:n]))
          eps = 1.
          iter = 0
#
#         Corrector
#
          while eps > 1.e-5:
                l = z[-1]
                J1 = J(t+h,z)
                rhs = r_[dot(R(l,t+h),z[:n]),0.5*(vdot(z[:n],z[:n])-1)]
                dz = linalg.solve(J1,rhs)
                eps = linalg.norm(dz)
                iter = iter + 1
                if iter > max_iter:
                   problem = 1
                   raw_input()
                   break
                print iter, eps
                z = z - dz
          data.append(z[-1])
          figure(2)
          if t == 0.0:
           scatter(array(data).real,array(data).imag,s=4)                    
        figure(2)
        plot([data[-1].real],[data[-1].imag],'k+')
        annotate(str(data[-1]),xy=(data[-1].real,data[-1].imag),xycoords='data')
        print 'Eigenwert',ip,data[-1]
        figure(0)
        plot(h+T,array(data).real)
        figure(1)
        plot(h+T,array(data).imag)
        figure(2)
        plot(array(data).real,array(data).imag)                    

figure(2)
xlabel(r'\Re \lambda')
ylabel(r'\Im \lambda')
savefig('asa.png')
show()
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from scipy import *
from pylab import plot, show, xlabel, ylabel, legend, figure, savefig, title
#
# Pade-11 for
# Fractional differential equation
# M u_tt + C D^alpha u + D u_t + K u = f(t) r, u(0) = u_0, v(0) = v_0
#
# 0 < alpha < 1
#
# Nils Wagner
# nwagner@iam.uni-stuttgart.de
# 
# References
# PAMM Proc. Appl. Math. Mech. Vol. 2 p. 82-83 (2003)
# 
#
def f(t):
    return 1.0*sin(t)

def history(N):
    global datau
    tmp = zeros(n,float)
    for i in arange(0,N):
       tmp = tmp + (datau[i+1]-datau[i])*(pow(N+1-i,2.-alpha)-2*pow(N-i,2.-alpha)+pow(N-1-i,2.-alpha))
    return tmp

alpha = 0.5 # fractional derivative  
#
# System matrices
#
n = 2
M = identity(2) # Mass matrix
K = array(([110.,-10.],[-10.,110.])) # stiffness matrix
C = array(([6.9570108524,-0.63245553202],[-0.63245553202,6.9570108524])) # fractional damping matrix
D = zeros((n,n),float) # viscous damping matrix

M = identity(2) # Mass matrix
K = diag(array(([4,4])))
C = diag(array(([2,2])))
n = M.shape[0]                        

# Initial conditions
u0 = zeros(n,float)  # Displacements
v0 = zeros(n,float)  # Velocities
u0[1] = 0.1
v0[0] = 1.0

r = zeros(n,float)   # Excitation
r[0] = 0.
r[1] = 0.


datau = []
datau.append(u0)
data1= []
data2= []
data3= []
data4= []
data1.append(u0[0])
data2.append(u0[1])
data3.append(v0[0])
data4.append(v0[1])

h = 0.005 # Time step size

w = pow(h,1-alpha)/(special.gamma(1.-alpha)*(1.-alpha)*(2.-alpha)) # Weighting factor

A = 2*M/h+0.5*h*K+w*C+D
B = 2*M/h-0.5*h*K+w*C+D

(LorU, lower) = linalg.cho_factor(A) # assuming that A is spd

t = 0.0
for N in arange(0,1000):

      b = dot(B,u0)-w*dot(C,history(N)+(2-alpha)*datau[0]*(pow(N+1,1-alpha)-pow(N,1-alpha)))+2*dot(M,v0)+0.5*h*r*(f(t)+f(t+h)) # RHS

      u1 = linalg.cho_solve((LorU, lower),b) # 
      v1 = 2*(u1-u0)/h-v0                    #

      datau.append(u1)

      u0 = u1
      v0 = v1

      t = t + h

      data1.append(u0[0])
      data2.append(u0[1])
      data3.append(v0[0])
      data4.append(v0[1])

figure(1)
#plot(h*arange(0,len(data1)),data1)
plot(h*arange(0,len(data2)),data2)
legend((r'$u_1(t)$',r'$u_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Displacements $u_i(t)$')
savefig('displacement.png')
figure(2)
#plot(h*arange(0,len(data3)),data3)
plot(h*arange(0,len(data4)),data4)
legend((r'$v_1(t)$',r'$v_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Velocities $v_i(t)$')
savefig('velocity.png')
show()
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Conclusions and Outlook
• A direct approach based on a homotopy as suggested by

Chu is applied to solve the polynomial eigenvalue problem.
• A predictor corrector method is used to solve the nonlinear

problem (17).
• ZVODE1 might be another option to solve the complex

initial value problem (19).
• Direct time-domain solutions are very time-consuming due

to the non-local character of fractional damping [10].
• All computation were carried out by SciPy [4].

1http://www.llnl.gov/CASC/software.html (see VODE)


from scipy import *
from pylab import plot,show, figure, xlabel, ylabel, legend, scatter, xlim, savefig, text, annotate

set_printoptions(precision=5)

def P(l):
    return l**6*A_6+l**2*A_2+A_0

def Q(l):
    return c*pow(l,k)*I_n-D

def R(l,t):
    return (1.-t)*Q(l)+t*P(l)

def Q_l(l):
    return c*k*pow(l,k-1)*I_n

def P_l(l):
    return 6*l**5*A_6+2*l*A_2

def R_l(l,t):
    return (1.-t)*Q_l(l)+t*P_l(l)

def J(t,z):
    tmp = zeros((n+1,n+1),complex)
    l = z[-1]
    tmp[:n,:n] = R(l,t)
    tmp[:n,n] = dot(R_l(l,t),z[:n])
    tmp[n,:n] = conjugate(z[:n].T)

    return tmp

#
# Example 3
#
m_1 = 1.0
m_2 = 2.0
k_1 = 1.0
k_2 = 1.5
k_3 = 1.0
c_1 = 0.4
c_2 = 0.4
c_3 = 0.4

flag = 3

if flag == 3:
   A_6 = array(([m_1,0],[0,m_2]))
   A_0 = array(([k_1+k_2,-k_2],[-k_2,k_2+k_3]))
   A_2 = array(([c_1+c_2,-c_2],[-c_2,c_2+c_3]))

#random.seed(3) # Example 1
random.seed(9)  # Example 2
random.seed(17)
k=6  # degree of the polynomial eigenvalue problem
n = shape(A_2)[0]
c = -1.0+1.3j
d = 2*(random.rand(n)-1)+2.0*(random.rand(n)-1)*1j
D = diag(d)
I_n = identity(n)

T = linspace(0,1,200,endpoint=False)
h = T[1]-T[0]
ip = 0
max_iter = 20

for i in arange(0,n):
    for j in arange(0,k):
        ip = ip + 1
        z0 = zeros(n+1,complex)
        z0[i] = 1.0
        p = zeros(k+1,complex)
        p[0] = -d[i]
        p[-1] = c
        wurzel = roots(p)
        z0[-1] = wurzel[j]
#
#       Predictor
# 
        z = z0
        data=[]
        problem = 0
        for t in T:
          l = z[-1]
          J1 = J(t,z) 
          rhs = r_[dot(Q(l)-P(l),z[:n]),0.0]
          zp = linalg.solve(J1,rhs)
          z = z + 1.0*h*zp
#         z[:n]=z[:n]/sqrt(vdot(z[:n],z[:n]))
          eps = 1.
          iter = 0
#
#         Corrector
#
          while eps > 1.e-5:
                l = z[-1]
                J1 = J(t+h,z)
                rhs = r_[dot(R(l,t+h),z[:n]),0.5*(vdot(z[:n],z[:n])-1)]
                dz = linalg.solve(J1,rhs)
                eps = linalg.norm(dz)
                iter = iter + 1
                if iter > max_iter:
                   problem = 1
                   raw_input()
                   break
                print iter, eps
                z = z - dz
          data.append(z[-1])
          figure(2)
          if t == 0.0:
           scatter(array(data).real,array(data).imag,s=4)                    
        figure(2)
        plot([data[-1].real],[data[-1].imag],'k+')
        annotate(str(data[-1]),xy=(data[-1].real,data[-1].imag),xycoords='data')
        print 'Eigenwert',ip,data[-1]
        figure(0)
        plot(h+T,array(data).real)
        figure(1)
        plot(h+T,array(data).imag)
        figure(2)
        plot(array(data).real,array(data).imag)                    

figure(2)
xlabel(r'\Re \lambda')
ylabel(r'\Im \lambda')
savefig('asa.png')
show()
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from scipy import *
from pylab import plot, show, xlabel, ylabel, legend, figure, savefig, title
#
# Pade-11 for
# Fractional differential equation
# M u_tt + C D^alpha u + D u_t + K u = f(t) r, u(0) = u_0, v(0) = v_0
#
# 0 < alpha < 1
#
# Nils Wagner
# nwagner@iam.uni-stuttgart.de
# 
# References
# PAMM Proc. Appl. Math. Mech. Vol. 2 p. 82-83 (2003)
# 
#
def f(t):
    return 1.0*sin(t)

def history(N):
    global datau
    tmp = zeros(n,float)
    for i in arange(0,N):
       tmp = tmp + (datau[i+1]-datau[i])*(pow(N+1-i,2.-alpha)-2*pow(N-i,2.-alpha)+pow(N-1-i,2.-alpha))
    return tmp

alpha = 0.5 # fractional derivative  
#
# System matrices
#
n = 2
M = identity(2) # Mass matrix
K = array(([110.,-10.],[-10.,110.])) # stiffness matrix
C = array(([6.9570108524,-0.63245553202],[-0.63245553202,6.9570108524])) # fractional damping matrix
D = zeros((n,n),float) # viscous damping matrix

M = identity(2) # Mass matrix
K = diag(array(([4,4])))
C = diag(array(([2,2])))
n = M.shape[0]                        

# Initial conditions
u0 = zeros(n,float)  # Displacements
v0 = zeros(n,float)  # Velocities
u0[1] = 0.1
v0[0] = 1.0

r = zeros(n,float)   # Excitation
r[0] = 0.
r[1] = 0.


datau = []
datau.append(u0)
data1= []
data2= []
data3= []
data4= []
data1.append(u0[0])
data2.append(u0[1])
data3.append(v0[0])
data4.append(v0[1])

h = 0.005 # Time step size

w = pow(h,1-alpha)/(special.gamma(1.-alpha)*(1.-alpha)*(2.-alpha)) # Weighting factor

A = 2*M/h+0.5*h*K+w*C+D
B = 2*M/h-0.5*h*K+w*C+D

(LorU, lower) = linalg.cho_factor(A) # assuming that A is spd

t = 0.0
for N in arange(0,1000):

      b = dot(B,u0)-w*dot(C,history(N)+(2-alpha)*datau[0]*(pow(N+1,1-alpha)-pow(N,1-alpha)))+2*dot(M,v0)+0.5*h*r*(f(t)+f(t+h)) # RHS

      u1 = linalg.cho_solve((LorU, lower),b) # 
      v1 = 2*(u1-u0)/h-v0                    #

      datau.append(u1)

      u0 = u1
      v0 = v1

      t = t + h

      data1.append(u0[0])
      data2.append(u0[1])
      data3.append(v0[0])
      data4.append(v0[1])

figure(1)
#plot(h*arange(0,len(data1)),data1)
plot(h*arange(0,len(data2)),data2)
legend((r'$u_1(t)$',r'$u_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Displacements $u_i(t)$')
savefig('displacement.png')
figure(2)
#plot(h*arange(0,len(data3)),data3)
plot(h*arange(0,len(data4)),data4)
legend((r'$v_1(t)$',r'$v_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Velocities $v_i(t)$')
savefig('velocity.png')
show()



Nils Wagner

http://www.llnl.gov/CASC/software.html


Fractional Differential Equations Polynomial Eigenvalue Problems Examples Conclusions and Outlook References

Conclusions and Outlook
• A direct approach based on a homotopy as suggested by

Chu is applied to solve the polynomial eigenvalue problem.
• A predictor corrector method is used to solve the nonlinear

problem (17).
• ZVODE1 might be another option to solve the complex

initial value problem (19).
• Direct time-domain solutions are very time-consuming due

to the non-local character of fractional damping [10].
• All computation were carried out by SciPy [4].

1http://www.llnl.gov/CASC/software.html (see VODE)


from scipy import *
from pylab import plot,show, figure, xlabel, ylabel, legend, scatter, xlim, savefig, text, annotate

set_printoptions(precision=5)

def P(l):
    return l**6*A_6+l**2*A_2+A_0

def Q(l):
    return c*pow(l,k)*I_n-D

def R(l,t):
    return (1.-t)*Q(l)+t*P(l)

def Q_l(l):
    return c*k*pow(l,k-1)*I_n

def P_l(l):
    return 6*l**5*A_6+2*l*A_2

def R_l(l,t):
    return (1.-t)*Q_l(l)+t*P_l(l)

def J(t,z):
    tmp = zeros((n+1,n+1),complex)
    l = z[-1]
    tmp[:n,:n] = R(l,t)
    tmp[:n,n] = dot(R_l(l,t),z[:n])
    tmp[n,:n] = conjugate(z[:n].T)

    return tmp

#
# Example 3
#
m_1 = 1.0
m_2 = 2.0
k_1 = 1.0
k_2 = 1.5
k_3 = 1.0
c_1 = 0.4
c_2 = 0.4
c_3 = 0.4

flag = 3

if flag == 3:
   A_6 = array(([m_1,0],[0,m_2]))
   A_0 = array(([k_1+k_2,-k_2],[-k_2,k_2+k_3]))
   A_2 = array(([c_1+c_2,-c_2],[-c_2,c_2+c_3]))

#random.seed(3) # Example 1
random.seed(9)  # Example 2
random.seed(17)
k=6  # degree of the polynomial eigenvalue problem
n = shape(A_2)[0]
c = -1.0+1.3j
d = 2*(random.rand(n)-1)+2.0*(random.rand(n)-1)*1j
D = diag(d)
I_n = identity(n)

T = linspace(0,1,200,endpoint=False)
h = T[1]-T[0]
ip = 0
max_iter = 20

for i in arange(0,n):
    for j in arange(0,k):
        ip = ip + 1
        z0 = zeros(n+1,complex)
        z0[i] = 1.0
        p = zeros(k+1,complex)
        p[0] = -d[i]
        p[-1] = c
        wurzel = roots(p)
        z0[-1] = wurzel[j]
#
#       Predictor
# 
        z = z0
        data=[]
        problem = 0
        for t in T:
          l = z[-1]
          J1 = J(t,z) 
          rhs = r_[dot(Q(l)-P(l),z[:n]),0.0]
          zp = linalg.solve(J1,rhs)
          z = z + 1.0*h*zp
#         z[:n]=z[:n]/sqrt(vdot(z[:n],z[:n]))
          eps = 1.
          iter = 0
#
#         Corrector
#
          while eps > 1.e-5:
                l = z[-1]
                J1 = J(t+h,z)
                rhs = r_[dot(R(l,t+h),z[:n]),0.5*(vdot(z[:n],z[:n])-1)]
                dz = linalg.solve(J1,rhs)
                eps = linalg.norm(dz)
                iter = iter + 1
                if iter > max_iter:
                   problem = 1
                   raw_input()
                   break
                print iter, eps
                z = z - dz
          data.append(z[-1])
          figure(2)
          if t == 0.0:
           scatter(array(data).real,array(data).imag,s=4)                    
        figure(2)
        plot([data[-1].real],[data[-1].imag],'k+')
        annotate(str(data[-1]),xy=(data[-1].real,data[-1].imag),xycoords='data')
        print 'Eigenwert',ip,data[-1]
        figure(0)
        plot(h+T,array(data).real)
        figure(1)
        plot(h+T,array(data).imag)
        figure(2)
        plot(array(data).real,array(data).imag)                    

figure(2)
xlabel(r'\Re \lambda')
ylabel(r'\Im \lambda')
savefig('asa.png')
show()
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from scipy import *
from pylab import plot, show, xlabel, ylabel, legend, figure, savefig, title
#
# Pade-11 for
# Fractional differential equation
# M u_tt + C D^alpha u + D u_t + K u = f(t) r, u(0) = u_0, v(0) = v_0
#
# 0 < alpha < 1
#
# Nils Wagner
# nwagner@iam.uni-stuttgart.de
# 
# References
# PAMM Proc. Appl. Math. Mech. Vol. 2 p. 82-83 (2003)
# 
#
def f(t):
    return 1.0*sin(t)

def history(N):
    global datau
    tmp = zeros(n,float)
    for i in arange(0,N):
       tmp = tmp + (datau[i+1]-datau[i])*(pow(N+1-i,2.-alpha)-2*pow(N-i,2.-alpha)+pow(N-1-i,2.-alpha))
    return tmp

alpha = 0.5 # fractional derivative  
#
# System matrices
#
n = 2
M = identity(2) # Mass matrix
K = array(([110.,-10.],[-10.,110.])) # stiffness matrix
C = array(([6.9570108524,-0.63245553202],[-0.63245553202,6.9570108524])) # fractional damping matrix
D = zeros((n,n),float) # viscous damping matrix

M = identity(2) # Mass matrix
K = diag(array(([4,4])))
C = diag(array(([2,2])))
n = M.shape[0]                        

# Initial conditions
u0 = zeros(n,float)  # Displacements
v0 = zeros(n,float)  # Velocities
u0[1] = 0.1
v0[0] = 1.0

r = zeros(n,float)   # Excitation
r[0] = 0.
r[1] = 0.


datau = []
datau.append(u0)
data1= []
data2= []
data3= []
data4= []
data1.append(u0[0])
data2.append(u0[1])
data3.append(v0[0])
data4.append(v0[1])

h = 0.005 # Time step size

w = pow(h,1-alpha)/(special.gamma(1.-alpha)*(1.-alpha)*(2.-alpha)) # Weighting factor

A = 2*M/h+0.5*h*K+w*C+D
B = 2*M/h-0.5*h*K+w*C+D

(LorU, lower) = linalg.cho_factor(A) # assuming that A is spd

t = 0.0
for N in arange(0,1000):

      b = dot(B,u0)-w*dot(C,history(N)+(2-alpha)*datau[0]*(pow(N+1,1-alpha)-pow(N,1-alpha)))+2*dot(M,v0)+0.5*h*r*(f(t)+f(t+h)) # RHS

      u1 = linalg.cho_solve((LorU, lower),b) # 
      v1 = 2*(u1-u0)/h-v0                    #

      datau.append(u1)

      u0 = u1
      v0 = v1

      t = t + h

      data1.append(u0[0])
      data2.append(u0[1])
      data3.append(v0[0])
      data4.append(v0[1])

figure(1)
#plot(h*arange(0,len(data1)),data1)
plot(h*arange(0,len(data2)),data2)
legend((r'$u_1(t)$',r'$u_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Displacements $u_i(t)$')
savefig('displacement.png')
figure(2)
#plot(h*arange(0,len(data3)),data3)
plot(h*arange(0,len(data4)),data4)
legend((r'$v_1(t)$',r'$v_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Velocities $v_i(t)$')
savefig('velocity.png')
show()
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Conclusions and Outlook
• A direct approach based on a homotopy as suggested by

Chu is applied to solve the polynomial eigenvalue problem.
• A predictor corrector method is used to solve the nonlinear

problem (17).
• ZVODE1 might be another option to solve the complex

initial value problem (19).
• Direct time-domain solutions are very time-consuming due

to the non-local character of fractional damping [10].
• All computation were carried out by SciPy [4].

1http://www.llnl.gov/CASC/software.html (see VODE)


from scipy import *
from pylab import plot,show, figure, xlabel, ylabel, legend, scatter, xlim, savefig, text, annotate

set_printoptions(precision=5)

def P(l):
    return l**6*A_6+l**2*A_2+A_0

def Q(l):
    return c*pow(l,k)*I_n-D

def R(l,t):
    return (1.-t)*Q(l)+t*P(l)

def Q_l(l):
    return c*k*pow(l,k-1)*I_n

def P_l(l):
    return 6*l**5*A_6+2*l*A_2

def R_l(l,t):
    return (1.-t)*Q_l(l)+t*P_l(l)

def J(t,z):
    tmp = zeros((n+1,n+1),complex)
    l = z[-1]
    tmp[:n,:n] = R(l,t)
    tmp[:n,n] = dot(R_l(l,t),z[:n])
    tmp[n,:n] = conjugate(z[:n].T)

    return tmp

#
# Example 3
#
m_1 = 1.0
m_2 = 2.0
k_1 = 1.0
k_2 = 1.5
k_3 = 1.0
c_1 = 0.4
c_2 = 0.4
c_3 = 0.4

flag = 3

if flag == 3:
   A_6 = array(([m_1,0],[0,m_2]))
   A_0 = array(([k_1+k_2,-k_2],[-k_2,k_2+k_3]))
   A_2 = array(([c_1+c_2,-c_2],[-c_2,c_2+c_3]))

#random.seed(3) # Example 1
random.seed(9)  # Example 2
random.seed(17)
k=6  # degree of the polynomial eigenvalue problem
n = shape(A_2)[0]
c = -1.0+1.3j
d = 2*(random.rand(n)-1)+2.0*(random.rand(n)-1)*1j
D = diag(d)
I_n = identity(n)

T = linspace(0,1,200,endpoint=False)
h = T[1]-T[0]
ip = 0
max_iter = 20

for i in arange(0,n):
    for j in arange(0,k):
        ip = ip + 1
        z0 = zeros(n+1,complex)
        z0[i] = 1.0
        p = zeros(k+1,complex)
        p[0] = -d[i]
        p[-1] = c
        wurzel = roots(p)
        z0[-1] = wurzel[j]
#
#       Predictor
# 
        z = z0
        data=[]
        problem = 0
        for t in T:
          l = z[-1]
          J1 = J(t,z) 
          rhs = r_[dot(Q(l)-P(l),z[:n]),0.0]
          zp = linalg.solve(J1,rhs)
          z = z + 1.0*h*zp
#         z[:n]=z[:n]/sqrt(vdot(z[:n],z[:n]))
          eps = 1.
          iter = 0
#
#         Corrector
#
          while eps > 1.e-5:
                l = z[-1]
                J1 = J(t+h,z)
                rhs = r_[dot(R(l,t+h),z[:n]),0.5*(vdot(z[:n],z[:n])-1)]
                dz = linalg.solve(J1,rhs)
                eps = linalg.norm(dz)
                iter = iter + 1
                if iter > max_iter:
                   problem = 1
                   raw_input()
                   break
                print iter, eps
                z = z - dz
          data.append(z[-1])
          figure(2)
          if t == 0.0:
           scatter(array(data).real,array(data).imag,s=4)                    
        figure(2)
        plot([data[-1].real],[data[-1].imag],'k+')
        annotate(str(data[-1]),xy=(data[-1].real,data[-1].imag),xycoords='data')
        print 'Eigenwert',ip,data[-1]
        figure(0)
        plot(h+T,array(data).real)
        figure(1)
        plot(h+T,array(data).imag)
        figure(2)
        plot(array(data).real,array(data).imag)                    

figure(2)
xlabel(r'\Re \lambda')
ylabel(r'\Im \lambda')
savefig('asa.png')
show()
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from scipy import *
from pylab import plot, show, xlabel, ylabel, legend, figure, savefig, title
#
# Pade-11 for
# Fractional differential equation
# M u_tt + C D^alpha u + D u_t + K u = f(t) r, u(0) = u_0, v(0) = v_0
#
# 0 < alpha < 1
#
# Nils Wagner
# nwagner@iam.uni-stuttgart.de
# 
# References
# PAMM Proc. Appl. Math. Mech. Vol. 2 p. 82-83 (2003)
# 
#
def f(t):
    return 1.0*sin(t)

def history(N):
    global datau
    tmp = zeros(n,float)
    for i in arange(0,N):
       tmp = tmp + (datau[i+1]-datau[i])*(pow(N+1-i,2.-alpha)-2*pow(N-i,2.-alpha)+pow(N-1-i,2.-alpha))
    return tmp

alpha = 0.5 # fractional derivative  
#
# System matrices
#
n = 2
M = identity(2) # Mass matrix
K = array(([110.,-10.],[-10.,110.])) # stiffness matrix
C = array(([6.9570108524,-0.63245553202],[-0.63245553202,6.9570108524])) # fractional damping matrix
D = zeros((n,n),float) # viscous damping matrix

M = identity(2) # Mass matrix
K = diag(array(([4,4])))
C = diag(array(([2,2])))
n = M.shape[0]                        

# Initial conditions
u0 = zeros(n,float)  # Displacements
v0 = zeros(n,float)  # Velocities
u0[1] = 0.1
v0[0] = 1.0

r = zeros(n,float)   # Excitation
r[0] = 0.
r[1] = 0.


datau = []
datau.append(u0)
data1= []
data2= []
data3= []
data4= []
data1.append(u0[0])
data2.append(u0[1])
data3.append(v0[0])
data4.append(v0[1])

h = 0.005 # Time step size

w = pow(h,1-alpha)/(special.gamma(1.-alpha)*(1.-alpha)*(2.-alpha)) # Weighting factor

A = 2*M/h+0.5*h*K+w*C+D
B = 2*M/h-0.5*h*K+w*C+D

(LorU, lower) = linalg.cho_factor(A) # assuming that A is spd

t = 0.0
for N in arange(0,1000):

      b = dot(B,u0)-w*dot(C,history(N)+(2-alpha)*datau[0]*(pow(N+1,1-alpha)-pow(N,1-alpha)))+2*dot(M,v0)+0.5*h*r*(f(t)+f(t+h)) # RHS

      u1 = linalg.cho_solve((LorU, lower),b) # 
      v1 = 2*(u1-u0)/h-v0                    #

      datau.append(u1)

      u0 = u1
      v0 = v1

      t = t + h

      data1.append(u0[0])
      data2.append(u0[1])
      data3.append(v0[0])
      data4.append(v0[1])

figure(1)
#plot(h*arange(0,len(data1)),data1)
plot(h*arange(0,len(data2)),data2)
legend((r'$u_1(t)$',r'$u_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Displacements $u_i(t)$')
savefig('displacement.png')
figure(2)
#plot(h*arange(0,len(data3)),data3)
plot(h*arange(0,len(data4)),data4)
legend((r'$v_1(t)$',r'$v_2(t)$'),shadow=True)
xlabel(r'Time $t$ [s]')
ylabel(r'Velocities $v_i(t)$')
savefig('velocity.png')
show()
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