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1. A (very) brief introduction to the theory of Frobenius
manifolds.

2. Getting from Frobenius manifolds to evolution equations of
hydrodynamic type.

3. Symmetries of Frobenius manifolds lifted to hydrodynamic
systems.

This is joint work with my supervisor Dr. lan Strachan.
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Why Study Frobenius Manifolds?

Frobenius manifolds lie at the cross roads between many branches
of mathematics...

Singularity Theory

- Topol Topological .
Enumerative G opo Og\ilv.i:d Quar:)tumg Field Frobenius
Geometry [ | 2rOmOV-VVItLen l—- Manifolds
invariants Theory

Integrable Systems
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Frobenius Algebras

Definition. The triple (A, o0, (-, -)) is said to constitute a
(commutative, associative) Frobenius algebra if:
e (A,0) is a commutative associative algebra over C with unity
€;
e The bilinear pairing ( -, - ) and mutiplication o satisfy the
following Frobenius condition

(XoY,Z)=(X,YoZ), X,Y,Z€A

Example. Let G = {g1, 82, ..., 8} be a finite (commutative) group
with identity g1, and let CG be the group ring over G. Then
(-, -) defined on the basis by

o _ )1 ifgig =g,
(g,,gﬁ—{ 0 else

endows CG with the structure of a (commutative) Frobenius
algebra.
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Frobenius Manifolds

Definition. Let M be an N-dimensional smooth manifold with a
smoothly varying Frobenius algebra structure on each tangent
space. We say the data (M, o, (-, - ), e, E) define a Frobenius
manifold if

(i) p:= (-, -) defines a flat metric on M;
(i) Ve =0;
(iii) Vwe(X,Y,Z) is a totally symmetric (0, 4)-tensor, where
c(X,Y,Z):=(XoY,Z),
(iv) 3E € T(TM) such that

V(V(E)) =0, Len= (2 - d)n, Lgo=o0, Lpe= —e,

for some constant d.
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Frobenius Manifolds and the WDVV Equations

There is a correspondence between Frobenius manifolds and
solutions of the WDVV equations, which is established as follows.

e Since 7 is flat, one may choose flat coordinates (¢!, ..., t")
such that the functions 7,5 = (a%, %) are constants.

e The condition (ii) Ve = 0 means this can be done in such a
way that e = %.

e Symmetry of Vc reads in t-coordinates c,g+,x = Cagr,y, and

so by the Poincaré lemma we may introduce a potential A,

o OA
af
Caby = 5y - (1)

Further symmetry of ¢ implies the existence of F, called the
free energy of the Frobenius manifold such that

O3F
G )

Ewan Morrison Frobenius Manifolds and Evolution Equations of Hydrodynamic



Frobenius Manifolds and the WDVV Equations contd.

e The components of o are then given by Cy = N Cey,
O 0 08t == cgﬁ(t)&,.
The associativity condition gives the following system of
nonlinear PDEs for the function F:
3 3 3 3
0°F P O°F _ 0*F v 0°F 3
Ote9tBOtA T Otnoto oty Ot0tPOtA T Otrote Oty

called the WDVV equations. Note: This is a strong, indeed
quadratic condition on c,g,!

e The conditions (iv) lead to demanding F be a
quasihomogeneous function

LegF = (3 — d)F modulo quadratic terms in t. (4)
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To Summarize

Frobenius
Manifold

\\

’ Introduce flat coords. ‘

N

Capy = 00030, F
NaB = Clap

€ = 51 \
\ Assoc. & F

satisfies WDVV
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An Example

Consider the following three dimensional example:

)

1 1
F— Z(t1)243 & 241(42)2 _
2(t)t—|— t(t%) T

1
5 v(t3);, E=t'o + §t282, (5)

where 7 is some unknown 1-periodic function. In order for F to
satisfy WDVV, ~ must satisfy Chazy's equation,

7"(£%) = 6v(£2)y"(£7) — 9(v'(¢%)). (6)
Here d = 1:
Le(F) =2F. (7)
The main property of the Chazy equation is an SL(2, C) invariance:
.3 at>+ b
b o TF
ctd3+d’
Y(t3) = (et + d)*(t3) + 2¢(ct® + d). (8)

ad — bc =1,

Ewan Morrison Frobenius Manifolds and Evolution Equations of Hydrodynamic



An Example contd.

The metric in flat coordinates is
0 01
818a85F = (Claﬁ) = (T]QB) = 0 10 . (9)
1 00

The remaining non-zero entries of the (covariant) multiplication

tensor are
w2 ), TG o)
o = —3(12)3(13), 33 = —35(2)"" ().

(Recall c,3, = 0,080 F.)
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The Dubrovin Connection

We may define on a Frobenius manifold a one parameter family of
flat connections:

Let V be a flat connection, and o define a multiplication of
tangent vectors on a manifold. Then we may define a 1-parameter
family of connections via

V&Y =VxY +AXoY. (11)

Now, o commutative = V* is torsion free V. Further, requiring
zero curvature VA,

{INR’)‘ _ 0} _ o is associative, and the tensor
) T Vwe(X,Y,Z) :=Vw(XoY,Z) totally symm. [~

So, on a Frobenius manifold, V* is flat for all \.
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The Gauss-Manin Equation

Then we may choose flat coordinates #/(t1, ..., tV, \) satisfying
VAdt = 0. In coordinates {t*} this reads:

02tk , Otk
drogrs ~ \Cab g (12)
Note that for A = 0 these are just the flat coordinates for ( -, - ).
In this spirit, we look for solutions of the form

o0

Bt ot 2) = N h (e tY). (13)
n=0

Equating powers of A we have,
hiniy _ v o1
otedth — T g

We start the recursion off by suitably defining hg o) := ta. (12) is
called the Gauss-Manin equation.
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An Example contd.

Solving the Gauss-Manin equation for the above mentioned
example, we have

hony =t haay = 1+ 5(£2)%,

hoo =15 hugy =11 = (P,
2\4

hoy =t has =3t = GH(8),

1 1
ha1 = Etl(f2)2 — =y (2)()* + §(f1)2f3 T (%),
1 1 9 1
oo = 222 L2203y 1 2 (12351302 — L (£2)547(£3
00 = eGP 5 gy (7€)

20
hasy = (£ — 2t (2 (8) + AN/ (ENP) -~ 22

c M(tz)ﬁ’Y”(f3)-
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Equations of Hydrodynamic Type

An evolution equation of hydrodynamic type is of the form
u,7= M(uv)u,x, (15)

where M(u) is some n x n matrix of functions of u, and not its
derivatives. The eigenvalues of the matrix M are known as the
characteristic speeds.
An example of such an equation is the dispersionless or
quasiclassical limit of the Korteweg de Vries equation:

3

u,T= EUU7X- (16)

In this case, M(u) =

Nlw

u.
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Poisson Brackets of Differential Geometric Type

Let M be a manifold with a set of local coordinates (t?, ..., tV).
Regard the coordinates as functions of some parameter X,

t® = t*(X). We define on M a Poisson bracket of differential
geometric type,

Hine) (o d  apn ) OHimw
{H(na)a ml/)} / 5;& ( ﬁ&—i_bmﬁt 7X> (5(1__5 )dX,
(17)
where the functional densities for H, .y depend on ¢ and not its
derivatives. Indeed, we define

H(n,a) = /51 h(n,e)(t)dX'
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Frobenius Manifolds — Equations of Hydrodynamic Type

Such brackets were first studied by Dubrovin and Novikov (~'89).
As the name suggests, they realized that properties of the brackets
depended on differential geometric structure on the target space
M.

In particular:

e For 1% non-degenerate on M, the inverse must define a flat
metric on M.
e The coefficients b% are related to the Christoffel symbols for
this metric via b%° = —na”rfﬁ.
Using the recursion relation (14) and (17), we construct the
equations of hydrodynamic type

dt® dt?
={t* H ="} Och(n-16) = -
dT(n,a) { ) (n,e)} n CVO'a (n—1,) dX

(18)

-~

(M(n,s)(t))aa
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Symmetries of the WDVV Equations

A symmetry of WDVV is a map from one solution F to another E.
Of interest to us here will be the so-called inversion symmetry /:

1t,t° te 1
/\1_ o 2o AN_
=5 t* = N (for a £ 1,N), t" = W
A 15,37 72 -t Loy o
FO)=(@V)2F (29 o )+ 23R (1
® = BV (50— ) + 5P (19)
ﬁaﬁ:naﬂ'

I is an involution up to sign. Health warning: These
transformations are not tensoriall But they are almost: One can
show that, for example

Ot Ottt OtY
A~ Ny —
CaBy = (t ) 2@@%(:)\“”. (20)
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Symmetries of the WDVV Equations contd.

Within the solution space of WDVV, there are functions F that lie

at a fixed point of /. For example, consider the free energy of the
above mentioned example:

F— %(t1)2t3 + %tl(t2)2 ( ) (t ) (21)

Using (19), one can show that
1

22\4
e R R (O ()
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Lifting the Inversion Symmetry

A natural question may be to ask how the Hamiltonian densities,
and therefore systems of hydrodynamic type are affected by the
inversion. Consider our explicit example:

1
han(th 2, 88) = t'e+ 5(1@)2
g 1(B)2 R o 1(82)2 1\  1/8)\?
:h tl ~ A 3 Anq = tl e~ -y - ~5
(171)( +2 t3 ’t3 t3) +2 t3 t3 +2 t3
£t 1 "y ao A
= —%—3 = —%—3/7(073)(1“1, t2, t3).
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Lifting the Inversion Symmetry contd.

1
haoy(th, 2, 62) = t't* — 17(t3)(t2)3

~ 1 (%2)2 %2 1 ~ 1 (%2)2
1 -\~J = =y _ 1 -

- (%1 + 1<ff)2> (t) (@R +2P) (;) Using (8)

2 t3
1?1 N 1 Al Ao A
= 73 - Z( )27( 3) = 73 h(1,2)(t 7t27 ts)
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Lifting the Inversion Symmetry contd.

In general, for the current example, we observed the following

pattern:
. 1 (%2)2 12 1 1 o
1 — 1 22 23
h(n,a)(t + 5 /t\_3 7’1—\_737 _%73) - iﬁh(ﬁ’&)(t , t , t )’ (22)
where
ntl, fa=3, 1, ifa=3, —
h=qn fa=2 —a=4 a fa=2 :i:—{——h :aflsziz7
n—1, ifa=1, 3, ifa=1, , i
(23)
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a=3e - - ®

a=1e
n—1 n+1
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Lifting the Inversion Symmetry contd.

We found this pattern to hold in general, not just for solutions of
WDVV lying at fixed points:

. 1(#%)? P2 -1 1 1 R R
h(n,a)(t1+2('f,\? 7%7,\/7"-7 iN 7_%W):i%wh(ﬁ,&)(tlat27 7tN)a
(24)
where
n+1, ifa=N, 1, ifa=N, .
i={ n, fa£1,N, a={ a, ifatlN, j::{ + ”CIO”“’Nf
n—1, ifa=1, 3, ifa=1, €&
(25)

Proof consists of showing that the formulae (24) satisfies the inverted
version of the recursion relations (14).
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Lifting the Inversion Symmetry contd.

Given that the respective flows were defined via

dt® dt?
— aH — W K /{h . —
dT(n,E) {t Y (n,s)} 77 c l/0'a ( 1,8) dX

(M(n,s)(t))aa

(26)

and we now know how the Hamiltonian densities are mapped under
I, the symmetry lifts also to the flows:

o 1(82)?% 2 vt . o .
M(n,a)((t +§ TN ENT T RN 7_%/\/)) = iM(ﬁ,&)(t)q:h(ﬁ—l,&)(t)la
(27)
where A, & and & = —(F) are as above.
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Further questions

e Do these symmetries exist for other hydrodynamic equations,
not just those constructed from a Frobenius manifold?

e Would like to start adding dispersive terms to equations using
a recipe of Dubrovin & Zhang. Does the symmetry extend to
dispersive equations?

e Do these shifts in the Hamiltonian densities, or change in
characteristic speeds look familiar?
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